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A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5

x(t) ∈ Δ(N)

u(t) ∈ [0,1]N

Total Reward =
T

∑
t=1

x(t) ⋅ u(t)



Regret



Regret
regret = reward obtained vs benchmark



Regret
regret = reward obtained vs benchmark

       x(1) u(1)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)

ϕ



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)

ϕ
        

        

        

 

       

ϕ(x(1)) u(1)

ϕ(x(2)) u(2)

ϕ(x(3)) u(3)

⋮

ϕ(x(T)) u(T)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)

ϕ
        

        

        

 

       

ϕ(x(1)) u(1)

ϕ(x(2)) u(2)

ϕ(x(3)) u(3)

⋮

ϕ(x(T)) u(T)

T

∑
t=1

ϕ(x(t)) ⋅ u(t)



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)

ϕ
        

        

        

 

       

ϕ(x(1)) u(1)

ϕ(x(2)) u(2)

ϕ(x(3)) u(3)

⋮

ϕ(x(T)) u(T)

T

∑
t=1

ϕ(x(t)) ⋅ u(t)

Benchmark: 
Best ϕ ∈ Φ



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)

ϕ
        

        

        

 

       

ϕ(x(1)) u(1)

ϕ(x(2)) u(2)

ϕ(x(3)) u(3)

⋮

ϕ(x(T)) u(T)

T

∑
t=1

ϕ(x(t)) ⋅ u(t)

Regret (x(1:T), u(1:T)) = max
ϕ∈Φ

T

∑
t=1

ϕ(x(t)) ⋅ u(t) −
T

∑
t=1

x(t) ⋅ u(t)

Benchmark: 
Best ϕ ∈ Φ



Regret
regret = reward obtained vs benchmark

       x(1) u(1)

       x(2) u(2)

       x(3) u(3)

⋮

       x(T) u(T)

T

∑
t=1

x(t) ⋅ u(t)

ϕ
        

        

        

 

       

ϕ(x(1)) u(1)

ϕ(x(2)) u(2)

ϕ(x(3)) u(3)

⋮

ϕ(x(T)) u(T)

T

∑
t=1

ϕ(x(t)) ⋅ u(t)

Regret (x(1:T), u(1:T)) = max
ϕ∈Φ

T

∑
t=1

ϕ(x(t)) ⋅ u(t) −
T

∑
t=1

x(t) ⋅ u(t)

Benchmark: 
Best ϕ ∈ Φ

-Regret:
ϵ
≤ ϵT



External Regret



External Regret
all constant mapsΦ =



External Regret
all constant mapsΦ =

        

        

        

 

       

x(1) u(1)

x(2) u(2)

x(3) u(3)

⋮

x(T) u(T)

ϕ

        

        

        

 

       

x* u(1)

x* u(2)

x* u(3)

⋮

x* u(T)



Swap Regret



Swap Regret
all maps Φ = [N] → [N]



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A A

B C

C C

⋮ ⋮



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A A

B C

C C

⋮ ⋮

ϕ

A D

B D

C D

⋮ ⋮



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A A

B C

C C

⋮ ⋮

ϕ

A D

B D

C D

⋮ ⋮

ϕ

A X

B Y

C Z

⋮ ⋮



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A A

B C

C C

⋮ ⋮

ϕ

A D

B D

C D

⋮ ⋮

ϕ

A X

B Y

C Z

⋮ ⋮

all linear maps Φ = Δ(N) → Δ(N)



Swap Regret
all maps Φ = [N] → [N]

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A A

B C

C C

⋮ ⋮

ϕ

A D

B D

C D

⋮ ⋮

ϕ

A X

B Y

C Z

⋮ ⋮

all linear maps Φ = Δ(N) → Δ(N)
This paper: ALL maps Φ = Δ(N) → Δ(N)



Swap Regret
all maps Φ = [N] → [N]

all linear maps  
This paper: ALL maps 

Φ = Δ(N) → Δ(N)
Φ = Δ(N) → Δ(N)

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

Why?

all linear maps  
This paper: ALL maps 

Φ = Δ(N) → Δ(N)
Φ = Δ(N) → Δ(N)

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

Why?

•  CalibrationL2

all linear maps  
This paper: ALL maps 

Φ = Δ(N) → Δ(N)
Φ = Δ(N) → Δ(N)

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

Why?

•  CalibrationL2

• Unexploitable [DSS19] 

all linear maps  
This paper: ALL maps 

Φ = Δ(N) → Δ(N)
Φ = Δ(N) → Δ(N)

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)



Swap Regret
all maps Φ = [N] → [N]

Why?

•  CalibrationL2

• Unexploitable [DSS19] 
• Games!

all linear maps  
This paper: ALL maps 

Φ = Δ(N) → Δ(N)
Φ = Δ(N) → Δ(N)

A        

B        

A        

 

B       

u(1)

u(2)

u(3)

⋮

u(T)

ϕ

A        

C        

A        

 

C       

u(1)

u(2)

u(3)

⋮

u(T)



Learning in Games

🪨 
📄 
✂



Learning in Games

🪨 
📄 
✂🤔 🤔



Learning in Games

🪨 
📄 
✂🤔 🤔

📄y(t) =✂x(t) =



Learning in Games

🪨 
📄 
✂🤔 🤔

📄y(t) =✂x(t) =

x(1), x(2), ⋯, x(T) y(1), y(2), ⋯, y(T)



Learning in Games

🪨 
📄 
✂🤔 🤔

📄y(t) =✂x(t) =

x(1), x(2), ⋯, x(T) y(1), y(2), ⋯, y(T)

 external regret over  rounds  average strategies are  coarse-correlated-equilibriumϵ T → ϵ



Learning in Games

🪨 
📄 
✂🤔 🤔

📄y(t) =✂x(t) =

x(1), x(2), ⋯, x(T) y(1), y(2), ⋯, y(T)

 external regret over  rounds  average strategies are  coarse-correlated-equilibriumϵ T → ϵ
 swap regret over  rounds  average strategies are  correlated-equilibriumϵ T → ϵ



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B C



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B C

Coarse 
Deviations

A

B

C

C



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B C

Coarse 
Deviations

A

B

C

C

Swap 
Deviations

A

B

A

C



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B C

Coarse 
Deviations

A

B

C

C

Swap 
Deviations

A

B

A

C

CCE: No player wants to 
make a coarse deviation



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B C

Coarse 
Deviations

A

B

C

C

Swap 
Deviations

A

B

A

C

CCE: No player wants to 
make a coarse deviation

CE: No player wants to 
make a swap deviation



Learning in Games
Game Equilibrium: Strategy profile where no player wants to deviate

🤔 🤔A B C

Coarse 
Deviations

A

B

C

C

Swap 
Deviations

A

B

A

C

CCE: No player wants to 
make a coarse deviation

CE: No player wants to 
make a swap deviation



So why not Swap Regret?



So why not Swap Regret?

Multiplicative Weight Updates: -External-Regret for ϵ T = Ω ( log N
ϵ2 )



So why not Swap Regret?

Multiplicative Weight Updates: -External-Regret for ϵ T = Ω ( log N
ϵ2 )

Blum-Mansour MWU [BM07]: -Swap-Regret for ϵ T = Ω ( N log N
ϵ2 )



So why not Swap Regret?

Multiplicative Weight Updates: -External-Regret for ϵ T = Ω ( log N
ϵ2 )

Blum-Mansour MWU [BM07]: -Swap-Regret for ϵ T = Ω ( N log N
ϵ2 )

Question: can we improve for large ?N



So why not Swap Regret?

Multiplicative Weight Updates: -External-Regret for ϵ T = Ω ( log N
ϵ2 )

Blum-Mansour MWU [BM07]: -Swap-Regret for ϵ T = Ω ( N log N
ϵ2 )

Question: can we improve for large ?N YES [DD🐟G23]

[PR23]
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• Tree-Swap: -Swap-Regret for ϵ T = Littlestone Dimension(ℱ)Ω̃(1/ϵ)

• Bandit-Tree-Swap: -Swap-Regret for ϵ T = N log(N)Ω̃(1/ϵ)

• Communication Complexity of -CE: ϵ log(N)Ω̃(1/ϵ)

• Query Complexity of -CE: ϵ N log(N)Ω̃(1/ϵ)

• Extensive Form -CE: poly  for ϵ (m, I, A) ϵ = Ω(1)
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Intuition? maxkfish.com
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