
From External to Swap Regret 2.0: 
An Efficient Reduction


for Large Action Spaces

Presentation by: Maxwell Fishelson

Fast Swap Regret Minimization and 
Applications to Approximate 

Correlated Equilibria



Presentation by: Maxwell Fishelson

Yuval Dagan Costis Daskalakis Maxwell Fishelson Noah Golowich

Aviad RubinsteinBinghui Peng





No Swap Regret



No Swap Regret
Online Learning



No Swap Regret
Online Learning

with many actions



No Swap Regret
Online Learning

with many actions

?



No Swap Regret
Online Learning

with many actions

?
?



No Swap Regret
Online Learning

with many actions

?
?
?



Online Learning



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5

x(t) ∈ Δ(N)



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5

x(t) ∈ Δ(N)

u(t) ∈ [0,1]N



Online Learning

A B C D E

1 0.1 0.3 0.9 0.5 0.7

2 0.8 0.4 0 0.2 0.3

3 0.1 0.2 0.3 0.4 0.5

x(t) ∈ Δ(N)

u(t) ∈ [0,1]N

Total Reward =
T

∑
t=1

x(t) ⋅ u(t)
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Multiplicative Weight Updates: -External-Regret for ϵ T = Ω ( log N
ϵ2 )

Blum-Mansour MWU [BM07]: -Swap-Regret for ϵ T = Ω ( N log N
ϵ2 )

Question: can we improve for large ?N YES [DD🐟G23]

[PR23]
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• Tree-Swap: -Swap-Regret for ϵ T = Littlestone Dimension(ℱ)Ω̃(1/ϵ)

• Bandit-Tree-Swap: -Swap-Regret for ϵ T = N log(N)Ω̃(1/ϵ)

• Communication Complexity of -CE: ϵ log(N)Ω̃(1/ϵ)

• Query Complexity of -CE: ϵ N log(N)Ω̃(1/ϵ)

• Extensive Form -CE: poly  for ϵ (m, I, A) ϵ = Ω(1)
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